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An algorithm is developed for simulating particle deposition f.om liquid suspensions 
flowing through granular media, specifically the prediction of the extent of deposition 
and the change of media permeability on a local basis. The formulation is based on the 
premise that granular media may be considered as an assembly of collectors represented 
by a dual-conjguration- either spherical or capillaric - to be applied for deposition 
and permeability reduction considerations. Comparisons with experiments indicate that 
the simulation algorithm can indeed be used as a predictive tool for estimating the 
transport and distribution of particulate matter in granular media. 

Introduction 
The problems arising from the deposition of particles from 

suspensions flowing through granular media are of impor- 
tance to a number of engineering and natural systems. For 
example, proper design of deep-bed filters for water and 
waste water treatment requires the knowledge of particle de- 
position rates. Similarly, information concerning the degree 
of media clogging and the accompanying increase in hy- 
draulic resistance is crucial in considering water injection for 
oil recovery from reservoirs. It is also apparent that a predic- 
tive capability concerning the distribution and transport of 
particles in ground-water flow cannot be developed without a 
quantitative understanding of these problems. 

We can consider particle deposition in granular media as 
follows: As a suspension flows through a granular medium, 
some of the suspended particles may be transported to and 
come into contact with the surface of the medium matrix. If 
the surface interactions are favorable, these particles may be- 
come deposited, At the same time, particle deposition alters 
the medium’s structure and/or the nature of the surface in- 
teractions. The change of the medium structure implies a 
change of medium permeability or its hydraulic resistance. 
Similarly, a change in the surface interactions and/or that of 
media permeability may affect particle deposition rates. Since 
these changes occur continuously, the physical process is 
inherently a nonsteady state. In other words, the extent of 
deposition, medium permeability, and suspension particle 
concentration are local, time-dependent functions. 
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Because of their practical importance, several aspects of 
the‘ deposition and flow problems have attracted the atten- 
tion of a number of investigators. Studies on deposition rates 
in media free of deposition were made by Yao et al. (19711, 
Spielman and FitzPatrick (1973), Payatakes et al. (1974), Ra- 
jagopalan and Tien (1976, 1977), and others by applying the 
trajectory analysis. The effect of the surface interaction was 
examined by Vaidyanathan and Tien (1988, 1991). Since the 
extent of deposition was assumed negligible in these studies, 
the transient-state behavior was not considered. 

For a more complete description of deep-bed filtration, 
several empirical models have been proposed in the past. (For 
a summary of these works, see Tien, 1989.) Several rational 
models have appeared in the literature (O’Melia and Ali, 
1978; Tien et al., 1979; Chiang and Tien, 1985a; Vigneswaran 
and Tien, 1987; Mackie et al., 1987; Vigneswaran and Tu- 
lachan, 1988). All of these models were concerned with filter 
performance during the so-called “ripening period.” While 
all the models are able to give reasonable predictions of ef- 
fluent concentration histories, these models do not address 
the problem of media clogging and permeability reductions. 

The fact that porous media models based on simple 
geometry fail to account for permeability reduction due to 
deposition is not surprising. To explain the changes in media 
permeability, one must consider not only the presence of de- 
posits on the filter grains (or the change in individual pore 
space), but also the effect of deposition on the distribution of 
fluid flow through the pore space of the medium. As the ex- 
tent of deposition increases, a given pore may become blocked 
and not available to flow. This feature must be incorporated 
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into the model if the model is to correctly predict the perme- 
ability changes due to deposition. 

The model that has often been used in characterizing 
porous medium permeability is the network model proposed 
by Fatt (1956). The model represents a porous medium by a 
collection of nodes connecting to each other by bonds. By 
specifying the sizes and size distributions of these nodes and 
bonds and the manner with which the neighboring nodes are 
connected and by specifying the geometries of these entities, 
a network model can be constructed to represent certain static 
and dynamic properties of porous media. More recently sev- 
eral investigators have used the network model in describing 
the flow of suspensions through porous media (Rege and 
Fogler, 1987, 1988; Imdakm and Sahimi, 1987, 1991) 

There are two major problems in applying the network 
model for deposition studies. First, with a large number of 
nodes, an excessive amount of computation is required. Sec- 
ond, the capillaric geometry is not suitable for estimating 
particle collection (Payatakes et al., 1974) except for collec- 
tion by straining. For this reason, in studies involving the use 
of the network model, deposition is often limited to relatively 
large particles (as compared with void space). 

In the present work, we propose a new model for simulat- 
ing the deposition of particles from suspensions flowing 
through granular media and particularly in predicting the ex- 
tent of deposition and the reduction in media permeability. 
The model assumes a medium to be an assembly of spheres 
or capillaries of different sizes. This dual representation 
makes it possible to consider the interactions between depo- 
sition and permeability reduction without excessive computa- 
tions. 

Model Description 
Consider the flow of a suspension through a granular 

medium. The medium may be considered to be a number of 
unit bed elements of length 1 connected in series (see Figure 
1). Each unit bed element is composed of M unit collectors. 
According to Payatakes et al. (19741,l is given as 

where d ,  is the grain diameter and E" the initial medium 
porosity. Thus for a medium of height L ,  the number of unit- 
bed elements involved, N ,  is 

For a given unit-bed element, the entering suspension is 
distributed over the M unit collector according to their hy- 
draulic conductivities. The effluents from these M collectors 
are thoroughly mixed to form the influent to the next unit-bed 
element. The effluent concentration is determined by deposi- 
tion taking place in all the unit collectors. Similarly, the per- 
meability of the medium is determined from the hydraulic 
conductivities of these collectors. 

Determining the hydraulic conductivity of a collector re- 
quires the specification of its geometry. For this reason, the 
collectors are assumed to be capillaries of various sizes. With 

I I 'I 2 1 I M-1 M 

Figure 1. Unit-bed-element model proposed in this 
study. 

the suspension flowing through and deposition taking place 
in these collectors, the collector geometries change accord- 
ingly. Since the collector efficiency expression is based on a 
spherical geometry, an equivalent criterion between a spheri- 
cal and a capillaric collector has to be developed. 

In the following section, we present the method used €or 
determining the initial collector sizes, particle deposition rates 
of the collectors, and the corresponding changes in capillary 
geometry and the hydraulic conductances of the collectors. 

Specification of capillary sizes 
To specify the capillary sizes of a unit-bed element, the 

results of Payatakes (1973) are applied. Based on the con- 
stricted-tube model (see F:igure 2), Payatakes proposed a pro- 
cedure for determining the pore constriction distribution from 
capillary pressure-saturation data. Accordingly, if one as- 
sumes that a constricted tube can be approximated by a capil- 
lary, the capillary size distribution can be readily obtained 
from the pore constriction distribution data. 

The conversion of constricted tubes to capillaries is based 
on the pore volume equivalence. The geometry of a con- 
stricted tube of Payatakes is determined by its height, h,, 
maximum diameter, a,, and constriction diameter, d , ,  with 

I (a) Constricted-lube Model (b) Cylindrical-lube Model 

Figure 2. Unit cells of the ith type of the constricted 
tube and its corresponding cylindrical tube. 
(a) Constricted-tube model. (b) Cylindrical-tube model. 
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a, /h, ,  and di/hi being constant. The volume of a constricted 
tube of the ith type, (V,,),, can be expressed as 

where c(, = ~ / 6 ,  

and S,, is the irreducible saturation; also < d, > and < d, > 
are the effective grain diameter and constriction diameter, 
respectively. By equating the volume of a cylindrical pore of 
diameter ( d o l l  and length 1 to the volume of a constricted 
tube of Payatakes, one has 

(4) 

Equation 4 can be used to convert the pore constriction dis- 
tribution data into the necessary capillary size distribution. 

Calculation of Media Permeability 
The method that can be used to estimate the change in the 

local medium permeability as a function of the extent of de- 
position (expressed as the number of deposited particles per 
capillary) is as follows. Consider there are N, pores of vari- 
ous sizes in a unit cross-sectional area of a unit-bed element 
(UBE). The fluid flow through a single pore of the ith type is 
given as 

91, = %(q- I - 5) (5) 

where the subscripts i and j denote the ith pore and j th 
UBE, respectively; qrJ and all are the volumetric flow rate 
and the conductivity of the ith pore in the jth UBE; and 
&, and 6 are the upstream pressure and the downstream 
pressure of the jth UBE. 

By definition, the superficial velocity of a filter bed, p,, is 

( 6 )  
N' 

u,  = c 9 , ~  = ( Q T ) ]  
r = l  

where (Q,), is total flow rate through the jth UBE. 

pressed as 
The hydraulic conductivity of the jth UBE, aj, is ex- 

(7) 

Then the distribution of fluid flow in the j th UBE is ob- 
tained by 

and the change in permeability of the jth UBE due to depo- 
sition may be expressed as 

For constant throughput operation, one has 

where A 5  denotes the pressure drop across the j t h  UBE 
and the subscript 0 has the same meaning as before. 

For a medium with N unit-bed elements connected in se- 
ries, the ratio of the pressure drop across the medium to its 
initial value becomes 

, = I  j =  1 j =  1 

where K is the average permeability of the medium over a 
length of L (corresponding to N unit-bed elements). 

To assess the effect of pore plugging and estimate the per- 
meability reduction, it is necessary to take into account the 
deposit morphology. If a nonuniform layer of deposit is 
formed over the pore surface, the effective radius of the cap- 
illary can bc assumed to be 

or 

where R,, is the local radius of the ith pore in the j th UBE; 
(Rd) , ,  is the value of R,, at the inlet of the cylindrical pore; 
n is a constant and is assumed to be the same for capillaries 
of all sizes; and z is the capillary axial distance measured 
from the inlet. If the number of deposited particles in a capil- 
lary is (N,),,, (Rd) , ,  can be determined from 
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Figure 3. Three stages of particle deposition. 
(a) First stage. (b) Second stage. ( c )  Third stage. 

where d,, and Z are diameter and length of the ith capillaxy 
in the jth UBE. 

When a particle becomes deposited on the surface of a 
cylindrical pore, as shown in Figure 4, the increase of the 
resistance to fluid flow may be obtained from the drag force 
experienced by the deposited particle. The pressure drop, 
APp, due to one deposited particle can be approximated as 
(Happel and Brenner, 1973) 

and 

K ,  = (16) 

The choice of n in Eq. (12a) is somewhat arbitrary; it may 
be chosen to give the best fit with experimental data in per- 
meability reduction. Also, one can expect that n depends on 
the ratio of particle diameter to grain diameter, NR. With 
small NR, the distribution of particle deposit tends to be more 
uniform leading to a larger value of n. On the other hand, 
with large NR, particles will be deposited mostly near the pore 
inlet leading to a more nonuniform deposition and a smaller 
value of n. 

To estimate permeability reduction due to deposition, we 
consider the fact that deposition proceeds in three stages 
(Figure 3): During the first stage, particles are deposited in- 
dividually on the pore surface. The first stage terminates when 
sufficient particles are deposited to form a layer of a thick- 
ness equal to that of one particle diameter [or the value of 
( R o ) i ,  - (RdI i ,  of Eq. 13 is equal to d,]. During the second 
stage, particle deposition results in the formation of a multi- 
layer particle deposit. The second stage ceases when (RdIC, 
becomes sufficiently small such that sieving (straining) be- 
comes the dominant mechanism of deposition. The third stage 
of deposition is assumed to begin when (RdIC,. is equal to a 
certain multiple of the particle radius (i.e., either three or 
seven), This assumption is similar to the third on seventh rule 
of Todd et al. (1984). The exact value to be used can be de- 
termined by comparing predictions with experiments to be 
explained later. The result of the third stage of deposition is 
the formation of a deposit layer at the inlet (or the so-called 
internal cake). The occurrence of the third-stage deposition 
depends upon the magnitude of the interstitial fluid velocity. 
With high fluid velocity, particle deposition may become im- 
possible. This point will be discussed further in later sections. 

First stage of particle deposition 
The initial conductivity of a cylindrical pore, ( aij)! (see Eq. 

5), according to the Hagen-Poiseuille equation, is given as 

where U, is the center-line velocity of the pore; a,, and R ,  
are the particle and pore radii, respectively. The total pres- 
sure drop, A Ptota,, across the pore is 

“total = APtube + A p p  (17) 

where APtube is the pressure drop of the clean tube. If the 
number of deposited particles is (NPIij  and if there are no 
interactions between deposited particles, aii is given as 

The preceding expression applies if ( R J j ,  - ( R d ) L ,  < d,. 

\ 

radius ap 

Ird; 
( a , . )  =- 

” 128p.1 
(14) Figure 4. Deposited particle and fluid motion inside a 

cylindrical pore. 
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Second stage of particle deposition 
With a multilayer deposit, a capillary can be divided into 

MN segments of equal length (Figure 5). The deposit in each 
segment is considered uniform. For each segment, if one as- 
sumes the Hagen-Poiseuille flow within the empty pore space 
and the Brinkman flow in the deposit layer, then the flow 
field within one segment can be found from the solution of 
the following equations: 

(a) For the empty pore space, or region A (0 < r < R,) 

dP 

r dr dz * 

(b) For the deposit layer, or region B ( R ,  < r < R,) 

(20)  

The boundary conditions are 

vZA = finite a t r = O  
.p = vz B , r: = r t  at r =  R ,  

v p  = 0 at r = R o  (21) 

where the superscripts A and B refer to regions A and B, 
respectively; uz is fluid velocity along the axial direction and 
T,,, the shear stress; and p is the fluid velocity. The value of 
R ,  is taken as the average value from the deposit profile in 
each segment according to Eq. 12a (Figure 5).  For the kth 
segment, R ,  is given as 

D!MMi 

Figure 5. Flow field description inside a cylindrical pore. 

and I, and K ,  are the modified Bessel functions of the first 
kind and the second kind of order n; and q(!), and 4(!:') 
denote the upstream and the downstream pressures of the 
kth segment in the jth UBE. 

The solutions of Eqs. 19 and 20 with the boundary condi- 
tions of Eq. 21 give the velocity profiles within regions A and 

The total flow rate is determined by 

B: Q =IR'v /2 . r r rdr  +jRRov/2.rrrdr 

0 

(',2 ) kd(Rf - R i )  

p ik+ l ) -  p(k) 
I - ,  p(k+ 1) - p(k)  

2 
I -  1 

(23) vzA = - + c;l J - '  

p ( l / M N )  = 257. 

where 
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1 10 1 i o  
Permeability of deposit 

(b l  
Figure 6. Fraction of fluid flow through the deposit layer 

in the first segment of a cylindrical pore shown 
in Figure 5. 

From Eq. 26, the conductivity of the kth segment, a,(:), is 

Since these segments are connected in series to form a 
cylindrical pore, the conductivity of the cylindrical pore can 
be expressed as 

(28) 

Figure 6 shows the fraction of the fluid flow through the 
deposit layer of the first segment of a capillary. One can see 
that the permeability of the deposit layer has a significant 
effect on the flow through the deposit layer and on perme- 
ability reduction. 

Third stuge of particle deposition 
During this stage, capillaries can become blocked by de- 

posited particles. With (ftd)i, (see Eq. 13) reaching certain 
critical values (i.e., three olr seven times particle radius), par- 
ticle deposition leads to the formation of particle deposit lay- 
ers at the inlet of the capillaries with porosity of cd, (Figure 
7). The pore conductivity becomes 

where (aijIT is the overall conductivity of the pore, and arj 
is the pore conductivity at the end of the second stage of 
deposition and is given by Eq. 28; and (aij)p,ug is the conduc- 
tivity of the filter cake formed at the inlet and is given as 

Note that the preceding t:xpression is obtained from Eq. 27 
with R, = 0 and kd2 and I ,  in place of k, and l/MN, where 
I, and kd2 are the thickness and permeability of the cake. 

d2 

LI 
I I 

d0 

Figure 7. Assumed particle deposit shape during the 
third stage OX particle deposition process. 
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Estimation of Capillary Collection Efficiencies 
As shown in the preceding section, predicting permeability 

reduction requires the knowledge of the particle deposition 
taking place in each and every capillary present in a UBE. 
Collection efficiencies predicted on the basis of the capillaric 
geometry have not yielded satisfactory results (Payatakes et 
al., 1974). On the other hand, reasonably accurate expres- 
sions for the initial collection efficiency and the change in 
collection efficiency due to deposition based on the sphere- 
in-cell models are available (Rajagopalan and Tien, 1976; 
Chiang and Tien, 1985b; Choo, 1993). In the following we 
outline a procedure by which collection efficiencies of the 
individual capillaries may be estimated from information 
based on the spherical geometry. 

Initial collection eficiency 
If one assumes that all the unit cells within a UBE are 

identical spheres, then the number of cells in a UBE of unit 
cross-sectional area is given as 

where NH is the number of unit cells in a UBE of unit cross- 
sectional area. 

The initial collection efficiency of the unit cells can be esti- 
mated from the expression developed by Rajagopalan and 
Tien (19761, or 

where qHo is the initial collection efficiency of the unit cell 
(Happel's cell); NLon, NR, Npe, and A, are the London force 
parameter ,  gravitational pa rame te r ,  interception 
parameter, Peclet number, and Happel's parameter (see 
Notation for their definitions), respectively. The relationship 
between the collection efficiency of a UBE and that of a 
Happel's cell is (Tien, 19891, 

(35) 

and qi, and qi, are the initial flow rate and the initial collec- 
tion efficiency of the ith capillary of the UBE. 

To obtain the initial collection efficiency of the ith capil- 
lary, according to Rajagopalan and Tien (1976), the initial 
collection efficiency due to interception based on Happel's 
model, qr, is 

On the basis that interception is dominant deposition 
mechanism, the initial collection efficiency of the ith capil- 
lary may be assumed to be proportional to the square of the 
ratio of the particle diameter, d,, to the pore diameter, ( d o ) i ,  
or 

where C,, is a proportionality constant and is taken to be 
constant for capillaries of all sizes. Substituting Eq. 37 into 
Eq. 34, C, is found to be 

(38) 

With the initial collection efficiency of the UBE, quo, deter- 
mined from Eqs. 32 and 33, the initial collection efficiency of 
the ith capillary can then be estimated from Eqs. 37 and 38. 

Collection eficiencies during the first and second stages of 
particle deposition 

During the first and second stages of deposition, the rate 
of deposition can be expected to increase with the increase of 
the extent of deposition. In the terminology of deep-bed 
filtration, this period is known as the ripening period. An 
expression that gives the increases in the unit collector effi- 
ciency during this period has been recently obtained by Choo 
(1993) and is given as 

where qu, is the initial collection efficiency of the UBE. 

initial collection efficiency of the UBE can be expressed as 
To apply the results of Eq. 32 to individual capillaries, the 

0.6794 
+ ( l - Y )  l+- --0.921 - { ('R ) ( l ' € d )  

1 
quo = - ( q 1 0 ~ 1 ,  + q 2 0 7 2 ,  + ". + q N , O v N L , )  (34) 0.1731 1 3 

+ g ( N :  NR 
QT -+--1.171X102 

where QT is the total flow rate through the UBE expressed 
as where 
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According to Eq. 39, vH/qHo in Figure 8a is shown as a func- 
tion of the specific deposit for three different values of NR 
with ed = 0.8 and €0 = 0.4 (values that correspond to typical 
conditions of granular media in filtration). The results shown 
in Figure 8a may also be presented in the form of the collec- 
tion efficiency ratio vs. the number of deposited particles (see 
Figure 8b). It is clear that over a range of the specific deposit 
values (i.e., 0 < u < 8x the relationship shown in Fig- 
ure 8b is largely linear, or 

-= 71'~ 1 + B*(No. of deposited particles). (41) 
VHO 

0 .- 
c e fd= 
u 

glven by the 

N U  

Corman-Kozeny equation 

= 0.03 

i //i 
/ '  1 0 - * (  I I I I I I I I ~  I I I 1 1 1 1 1 ~  I I I I I I I I I  I 
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.-  

- 

kd-= given by the Corman-Kozeny equation 
0 . 5 1 i i r i 1  I ~ ~ I I I I I I I I  1 1 1 1 1 1 1 1  1 

0 100 200 300 LOO 500 
Number of deposited part icles 

(bl 
Figure 8. Coliection efficiency vs. specific deposit and 

the number of deposited particles according 
to Eq. 39. 

The value of B is simply 

B=- (42) No. of deposited particles 

where B represents the increase in collection efficiency per 
deposited particle. Since the simulation scheme gives the 
number of particles deposited for each capillary as a function 
of time, Eq. 41 provides a convenient way of estimating the 
change in collection efficiency due to deposition. 

Consider a UBE with unit cross-sectional area and with 
NH Happel's cells. With the deposition of one particle in one 
of the NH cells, the collection efficiency of the UBE, qul, is 

(43) 

where 
one deposited particle. Combining Eqs. 43 and 33, one has 

is the collection efficiency of the Happel cell with 

If the UBE is assumed to have N ,  capillaries and particle 
deposition occurs in the ith capillary, then the UBE collec- 
tion efficiency, T ~ ~ ,  is 

where v,, is the collection efficiency of the ith pore with one 
deposited particle. If one: neglects the change in flow rate 
through all the pores due to the presence of one deposited 
particle in the ith pore, or 

then from Eqs. 34 and 45, the increase in collection efficiency 
of the UBE due to the deposition of one particle in the ith 
pore is 

(47) 

It may appear to be possible to obtain qi,by equating Eq. 
47 with Eq. 44. In reality, the qul - qu, term of Eq. 44 gives 
the average effect of one deposited particle on the increase 
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in collection efficiency. The effect of one deposited particle 
in the ith capillary given by Eq. 47 may be either greater or 
less than the average value since the capillaries are not uni- 
form in size. The average effect due to the deposition of one 
particle is 

where ( q , u ~ z , , ) / ( Q T ~ u , , >  is the probability for one particle to be 
deposited in the ith capillary; and q,'k) is the flow rate of the 
ith capillary when one particle is deposited in the kth capil- 
lary. If one neglects the flow rate change due to the de- 
posited particle, then 

By substituting Eq. 34 into Eq. 48, the collection efficiency 
change of the UBE in terms of the cylindrical pore model 
can be expressed as 

It is clear that q, - q, cannot be found from qu, - vU, 
without additional information. To circumvent this difficulty, 
as an approximation, one may assume that Eqs. 42 and 47 are 
equivalent. Then the change in collection efficiency of the ith 
pore due to one deposited particle can be expressed as 

(51) 

The preceding expression gives the increase in the collec- 
tion efficiency of a capillary due to one deposited particle. 
Since the results shown in Figure 8 (or Eq. 41) indicate that 
the change in collection efficiency is approximately a linear 
function of the contributions of all deposited particles, Eq. 51 
may be generalized to give the difference between the collec- 
tion efficiency with ( p  + 1) deposited particles and that with 
p deposited particles, or 

Equation 52 can be used to estimate the change in the collec- 
tion efficiency of any pore in a UBE due to the deposition of 
one additional particle. 

Collection eficiency during the third stage of particle depo- 
sition 

During the third stage of deposition, the collection effi- 
ciency is unity since all the particles associated with the liq- 
uid flow through a pore are retained at the pore inlet to form 
a deposit (or cake). The third stage of deposition is operative 
if the interstitial velocity is not excessively large and does not 
exceed the critical velocity. 

Criticul velocity 
Deposition requires the adhesion of impacting particles on 

the collector surface. If the liquid velocity in the capillary is 
excessively large, a correspondingly large drag force acting on 
impacting particles may prevent their deposition. It may be 
argued that there exists a critical velocity, u,, beyond which 
particle deposition becomes impossible. In principle, one may 
estimate u, by relating the tangential force acting on a parti- 
cle at a distance of one particle radius away from the surface 
of the deposit layer or a collector to the net normal force 
multiplied by the friction coefficient. The tangential drag 
force acting on a particle, F,, may be approximated as (Gold- 
man et al., 1967) 

F, = 1.7005* 6 q ~ a ,  us (53) 

where uo is the tangential velocity at a distance alp from the 
surface of the deposit layer or a collector. 

When a particle is sufficiently close to the surface of a col- 
lector, the London force, FLon, becomes the dominant force 
along the normal direction. This force is given as 

Ha - 
(54) 

where H is the Hamaker constant and zo is the distance of 
minimum separation. According to Herzig et al. (19701, z ,  is 
given as 

where g is the gravity and pp and p, are particle density and 
fluid density, respectively. Thus one can determine the criti- 
cal velocity by equating Eq. 53 to Eq. 54 and the value of the 
friction coefficient. In practice, the critical velocity is often 
determined experimentally, and the preceding approach is 
used mostly as a guide and qualitative analysis. Rege and 
Fogler (1988) suggested the use of u, = 0.08 cm/s, while 
Mackie et al. proposed a value of 2 cm/s. Clearly, this critical 
velocity varies with the condition of the experiment and may 
be selected as a best fitting value with experiment. 

Since the deposit formed over a capillary inlet is nonuni- 
form, the local interstitial velocity decreases with the de- 
crease of the deposit layer thickness. If the fluid velocity at a 
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distance of one particle radius away from the pore surface in ( a )  71;; = 0, if the fluid velocitv > critical velocitv: 
the last segment of a capillary poie (the M s t h  segment of 
Figure 5) exceeds the critical velocity value, then the collec- 
tion efficiency of the capillary reduces to zero. 

Simulation Procedure 
Initialization 

Initially, the filter height, L ,  and the number of capillaries 
present in a unit-bed element, M are specified. (The cross- 
sectional area of the UBE, S, may be obtained by S =  
[4/m0(1 - S,,,;)] EE (d i l2 ,  where di is the diameter of the 
ith capillary.) The number of the unit bed elements, N ,  is 
determined from Eq. 2 with N being the integer closest to 

The size of each of the M pores can be determined from 
the number of pores present in a UBE, M ,  and the pore-size 
distribution data. This pore distribution is the same for all 
the UBEs. 

Once the pore sizes are known, the initial hydraulic con- 
ductivity (or initial pressure drop), flow rate, and collection 
efficiency can be determined from Eqs. 14, 8, and 37. 

L/l. 

Simulation 
Assume that the states of every pore of the UBEs are 

known at a given time. The state of a pore is defined by the 
number of deposited particles present in the pore (Np) i j ,  
which, in turn, defines its hydraulic conductivity, collection 
efficiency, and the geometry (the shape of the deposit layer). 
Simulation will be made according to the following steps: 

(1) Particles are introduced into the filter one at a time. 
( 2 )  If a particle arrives at a particular UBE, it may enter 

any one of the pores of the UBE. The probability of the par- 
ticle’s entering a given pore is proportional to the fluid flow 
rate through that pore. A random number between zero and 
unity (RAN A) is generated. If R A N A  is 

1 i - 1  1 

then the ith pore is the pore into which the particle enters. 
(3) To determine whether or not the particle is captured, 

we note that the collection efficiency may be interpreted as 
the probability of a given entering particle being collected. 
By generating another random number (RAN B) ,  if RAN B 
is less than the collection efficiency of the ith pore, the parti- 
cle is assumed to be deposited. 
(4) If the particle escapes collection, it goes to the next 

UBE. Repeat step 2 and step 3 until the particle either be- 
comes deposited or escapes. If the particle is not captured by 
the filter bed, go to step 1. 

(5) If the particle is captured by the ith pore of the j th 
UBE, the value of (Np) i j  is increased by one. With the new 
value of ( N J j j ,  (Rd)i j  can be obtained from Eq. 13. Based on 
the new deposit layer profile, calculate the fluid velocity at a 
distance of one particle radius away from the deposit layer in 
the last segment of the jth pore. 

(6) Update the collection efficiency of the pore based on 
the new value of (NP);,. Specifically, 

(7) The hydraulic conductivity of a pore changes as the 
number of deposited particles increases. However, since the 
effect due to the deposition of one particle is usually rather 
small, in order to reduce the simulation time, the hydraulic 
conductivity of the pores present in all the UBEs is calcu- 
lated once for every 50 particles injected. The number of 50 
was found satisfactory by trial and error. The value of al j  is 
determined according to 

( a )  Equation 18, if (R,)i j  - ( R d ) i j  5 dp;  

( b )  Equation 28, if >%,(or 7ap); 

(c) Equation 29, if (RdI i j  < 3ap(or 7ap). 

(8) Repeat steps 1 through 7 until all the particles are 

A description of the simulation algorithm is shown in Fig- 
injected into the model sys,tem. 

ure 9. 

Simulation Results 
A number of sample simulations were made as part of this 

study and some of the results are presented here. The condi- 
tions used for simulation are given in Table 1. Note that they 
are the same as those used by Chiang (1985a) before. The 
capillary size distribution is obtained from the pore-constric- 
tion distribution data of Payatakes (1974) (Figure 10) using 
the procedure described earlier and shown in Figure 11. Pay- 
atakes’ data were obtained ffrom a medium composed of grains 
(glass sphere) of diameter 470 pm, while in this simulation, 
the grain diameter is assumed to be 505 pm. 

As described before, the simulation algorithm gives the 
number of deposited particles for each capillary, (N,),,, and 
its hydraulic conductivity a,,, i = 1, . . . , M and j = 1, . . . , N 
as a function of the number of the particle injected, nln .  In 
deep-bed filtration, filter performance is characterized by the 
effluent concentration and media permeability (or the pres- 
sure drop required to maintain a given flow rate) histories. 
The relationship between n,, and time, t ,  is simply 

where us is the superficial velocity, S is the cross-sectional 
area of the unit-bed element, and cin is the particle number 
concentration of the influent. 

The change in permeability (or pressure drop) can be found 
from Eqs. 10 and 11. The profile of the particle concentra- 
tion of the suspension is 

where z is the coordinate along the direction of the flow with 
its origin at the inlet. 
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Figure 9. Simulation algorithm for the prediction of permeability reduction. 

1.0 1 

Table 1. Experimental and Simulation Conditions for Model 
Predictions and Comparisons 

Experimental Conditions 

Chiang 
Runno. 1 2.820X10-2 26 505 0.1 9 0.0515 
Runno. 2 2.430X10-2 26 505 0.2 5 0.0515 
Run no. 5 1.587X lo-’ 19.5 505 0.1 12 0.0385 

Simulation Conditions 

N (no. of UBE’s) 10 ( L  = 0.5 cm) 
100 
20 

M (no. of pores in a UBE) 
MN (no. of segments in Figures 6 & 7) 
S,, (irreducible saturation) 0.111 
e0 (initial bed porosity) 0.41 
Cross-sectional area of a UBE 
Flow rate through a UBE 

0.231 (cm2) 

Chiang’s run nos. 1 and 5 
Chiang’s run no. 2 

B (constant in Ea. 42) 

0.023 ( c m p )  
0.046 (cm /s) 

1 

0.0 F 
0 100 200 300 400 500 600 

Constricted tube diameter 
~ 

Chiang’s run nos. 1 and 2 1.809E-4 Figure 10. Constricted-tube-size distribution (Paya- 
takes, 1973). Chiang’s run no. 5 7.365E-5 
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Figure 12. Effect of the number of pores in a UBE on 
permeability reduction. 

Statistical nature of the simulation results 
In this simulation, particle deposition is considered as a 

stochastic process. Accordingly, a number of simulations must 
be made in order to obtain the average behavior. Further, it 
is also necessary to consider a sufficiently large number of 
capillaries so that the simulation results are independent of 
the value of M used. The effect of the number of capillaries 
used in a simulation on the simulation results is shown in 
Figure 12. In Figure 12, the reduction of the overall perme- 
ability (K/K,) as a function of time for a particular case ob- 
tained from simulations using M = 20, 50, 100, and 200 is 
shown. It is clear that the results were essentially the same if 
M were greater than 50. A smaller value of M tends to over- 

Ed I o . 8  
~ 2 - 0 . 5  
1/7th rule 
v, = 0.7 tcm/sec) 
n = 0.15 

0 100 200 300 too 
Time (min) 

Figure 13. Simulation of permeability from eight inde- 
pendent runs under the same condition. 
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Figure 14. Effect of deposit distribution (n) in the pore on permeability reduction and effluent concentration under 

conditions of Run No. 2 of Chiang (1983). 

predict the change in permeability in the later stages of depo- 
sition. 

The variability of the permeability reduction obtained in 
different simulations is shown in Figure 13, which gives the 
results for eight independent simulation runs (with different 
seed numbers for random number generations). The results 
are indeed different, but the differences are rather insignifi- 
cant. All the results reported in this section were obtained 
using M = 100 and the average of eight independent runs. 

Egect of model parameters 
A parametric study was made to examine the effects of the 

various model parameters. The results are as follows: 
Effect of Deposit Distribution. The effect of the deposit 

distribution is shown in Figure 14. As expected, a larger value 
of n (see Eq. 12a) gives a slower permeability reduction since 
pore blocking is delayed if the deposits are more uniform. 
The effect of deposit nonuniformity on filtrate quality, how- 

ever, is more complex. Initially, a more rapid pore blocking 
enhances particle deposition and therefore the filtrate qual- 
ity. As pore blocking becomes more pronounced, however, 
the local interstitial velocity increases and may exceed the 
critical velocity, and part of the filter becomes nonretentive. 
This behavior is shown by an initial improvement in filtrate 
quality followed by its deterioration, as shown in Figure 14b. 

Effect of the Porosity of a Deposit Layer Formed by the Block- 
ing Mode of Deposition. If the porosity of the deposit layer 
at the inlet of a capillary pore is high, then the resistance to 
fluid flow through the pore will be low, leading to a low per- 
meability reduction. This behavior is shown in Figure 15a. 
The extent of permeability reduction is reduced with the in- 
crease of 4,. The increase in Edz also favors the improve- 
ment of filtrate quality. A higher value of ed, means more 
fluid flow through pores covered with internal cakes. When 
E ~ ,  is sufficiently high, fluid redistribution from blocked to 
open pores becomes less. As a result, it is less likely that the 
interstitial velocity of certain pores exceeds the critical veloc- 
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Figure 16. Effect of the critical velocity on permeability reduction and effluent concentration under conditions of 
Run No. 2 of Chiang (1983). 

ity. Thus, for the case gdZ = 0.8, the effluent concentration 
decreases monotonically and approaches a certain constant 
value. In contrast, for a lower value of E ~ , ,  the effluent con- 
centration may first decrease and then increase with time. 

Effect of the Critical Velocity. The effect of the critical ve- 
locity on permeability reduction and effluent quality is shown 
in Figure 16. Since a small critical velocity value implies that 
a filter becomes nonretentive sooner, a lesser permeability 
reduction and an earlier filtrate quality deterioration may be 
expected. The results shown in Figure 16 are consistent with 
this argument. 

Effect of the pore-blocking criterion. The effect of the 
pore-blocking criterion is shown in Figure 17 for a particular 
case with n = 0.15. Similar to Figure 16, early pore blocking 
or the use of the seventh rule instead of the third rule in 
simulation leads to a more rapid permeability reduction. Fur- 
thermore, since blocked pores provide more efficient filtra- 
tion (at least initially), the improvement in filtrate quality is 

lime (min) 
(a1 

more pronounced with the. use of the seventh rule than the 
fifth (or third) rule. On the other hand, with more complete 
blocking occurring, earlier (deterioration in filtrate quality can 
be expected when the seventh rule is used. 

Comparison with Experiment 
The experimental data used to compare with model pre- 

dictions were obtained by Chiang (1983). The experimental 
conditions are similar to 1 hose used in the simulation (see 
Table 1). 

As stated before, the permeability reduction model has a 
number of parameters, some of which cannot be determined 
independently. In fact, these parameters are adjustable pa- 
rameters and can be determined by comparisons between 
predictions and experiments. On the other hand, for a model 
such as the one on permeability reduction to be useful, all 
the model parameters must be known beforehand. In the fol- 

0 100 200 300 LOO 
l ime (minl 

0 . 0 b l  I ,  I I I , ,  , 1 1  1 ,  

Figure 17. Effect of the pore-blocking criterion on permeability reduction and effluent concentration under condi- 
tions of Run No. 2 of Chiang (1983). 
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Figure 18. Histories of permeability reduction and effluent concentration between model predictions and results of 
Run No. 2 of Chiang (1983). 

lowing paragraphs, we first discuss the estimation of the vari- 
ous model parameters. 

Among the parameters, the initial medium porosity ( E ” )  

can be readily determined. For a granular bed, e0 covers a 
fairly narrow range (0.35-0.45). The porosity of the deposit 
over the pore surface can be estimated from the simulation 
results of Jung (1991) and assumed to be 0.8, as previously 
stated. Assuming that the Carman-Kozeny equation is appli- 
cable, k,, and k ,  can be readily determined. 

The porosity of the deposit layer formed at the pore inlet 
is one of the parameters that cannot be determined indepen- 
dently. Since the deposit is formed by straining, the deposit 
may be viewed as similar to a filter cake, and a porosity on 
the order of 0.5 may be assumed. For the other parameters, 
the following values are assigned: 

(1) The critical velocity is selected to be 0.7 cm/s. 
(2) The seventh rule is used for the onset of pore block- 

ing. 

0.2- A Experiment 
- - Prediction 

0.0 1 1 1 , 1 1 , , , , , , , ,  

0 loo 200 300 
Time (mint 

(at 

(3) The value of n of Eq. 12a is taken to be either 0.15 or 
0.5. 

The abovementioned values (with n = 0.15) were selected 
on the basis that predictions based on these values gave good 
agreement with experiments for Run No. 2 reported by Chi- 
ang. Prediction based on n = 0.5 was made since there does 
not appear to be any rational basis for selecting n.  

The comparisons between prediction and experiment at 
Chiang’s Run No. 2 are shown in Figure 18. The agreement is 
excellent for permeability reduction. The filtrate quality re- 
sults are somewhat less satisfactory, mainly because of the 
relatively large data scattering. Also included in Figure 18b 
are predictions with the absence of the third stage of deposi- 
tion. With pore blocking, filtrate quality improvement takes 
place more slowly but monotonically. 

To assess the predictive capability of the model, predicted 
histories of permeability and filtrate quality corresponding to 
the conditions of Chiang’s Run No. 1 and the experimental 
results are shown in Figure 19. The agreement is less satisfac- 
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Figure 19. Histories of permeability reduction and effluent concentration between model predictions and results of 
Run No. 1 of Chiang (1983). 
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deposit in a filter bed between model predic- 
tions and results of Run No. 1 of Chiang 
(1983). (1 983). 

Figure 22. Permeability reduction vs. average specific 
deposit in a filter bed between model predic- 
tions and results of Run No. 5 of Chiang 

tory if n=0.15 is used. This poor agreement arises largely 
from underestimating the rate of filtration (or overestimating 
the effluent concentration). This situation can be observed by 
comparing the predicted permeability reduction with the ex- 
tent of deposition (this prediction can be made by combining 
Figures 19a and 19b with experiments). The agreement was 
indeed good, as shown in Figure 20. 

Another comparison between predictions and experiment 
is given in Figures 21 and 22. The parameter values used are 
the same as before except that the critical velocity is changed 
to account for the difference in particle size. As shown previ- 
ously, u, can be expected to be 

v c  = 0.1 

Ed?= 0.5 
€ 6  = 0.8 

117th rule 

Time (min) 

Figure 21. Histories of permeability reduction and effluent 
la) 

Run No. 5 of Chiang (1983). 

u, = 0.7(19.5/26)* = 0.4 (cm/s). 

On the whole, the agreement between prediction and Run 
No. 5 of Chiang’s experiment was very good, especially if n = 

0.5, as shown in Figure 21. 
These three sets of comparisons demonstrate that the per- 

meability reduction model can indeed be applied as a predic- 
tive tool, in spite of the rather large number of parameters 
present in the model. With the exception of one parameter 
(i.e., n), all the parameters can be either determined 
independently or assigned constant values. Even for the pa- 
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rameter n, whose value cannot be known a priori, predictions 
nevertheless can be made by using several n values over a 
fairly narrow range in order to obtain some estimates for per- 
meability reduction. Such prediction capability was not avail- 
able prior to the present work. 

Notation 
A,  =Happel arameter defined as 2(1- h5)/w 

h =(1- E )  11 
NG =gravitational parameter defined as [2aS( p p  - p f ) g ]  

/[9PPU,I 
NLo =London force parameter defined as H / [ 9 ~ p a i u , ]  
N,,=Peclet number defined as u,ug/DBM, where D,, is the 

NR =interception parameter defined as d /d when d p  and d, 
Brownian diffusivity 

are the particle diameter and grain diameter, respectively / I g  

w =2  -3h +3h5 - 2h6 
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